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Abstract. In this paper, we prove a gap result for a locally confor-
mally flat complete non-compact Riemannian manifold with bounded
non-negative Ricci curvature and a scalar curvature average condition.
We show that if it has positive Green function, then it is flat. This
result is proved by setting up new global Yamabe flow. Other exten-
sions related to bounded positive solutions to a schrodinger equation are
also discussed. A global existence of Yamabe flow on a locally confor-
mally flat complete non-compact Riemannian manifold with bounded
non-negative sectional curvature is proved.
Keywords: global Yamabe flow, Poisson equation, Harnack inequal-
ity, gap theorem
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1. Introduction
In the recent work of L.Ni [10], the author proves a very interesting gap
theorem on a complete noncompact Kaehler manifold with nonnegative holo-
morphic bisectional curvature via the use heat equation technique. The re-
markable feature in Ni’s result is the fast quadratic decay condition about
the average of the scalar curvature in large balls. His result can be consid-
ered as some kind of positive mass theorem. In this paper, we consider other
scalar curvature conditions and we prove the following new gap theorem on
a locally conformally flat (LCF in short) complete non-compact Riemannian
manifold with bounded non-negative Ricci curvature.
Theorem 1. Assume that (Mn, g0) (n ≥ 3) is a locally conformally flat
complete non-compact Riemannian manifold with bounded non-negative Ricci
curvature and with the scalar curvature average condition for some x0 ∈Mn,
(1)
∫ ∞
0
r
V olx0(r)
∫
Bx0 (r)
R0(y)dvg0dr <∞,
where R0(y) is the scalar curvature function of (M
n, g0) and V olx0(r) is
the volume of the ball B(x0, r) in (M
n, g0). Assume further that it is non-
parabolic, i.e., it has a positive Green function. Then it is flat.
The research is partially supported by the National Natural Science Foundation of
China 11271111 and SRFDP 20090002110019.
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We now give two remarks about the proof and the conditions of Theorem
1.
Remark 1. According to heat kernel estimate of Li-Yau [9](1986) and
the work of N. Varopoulos [21], we know that for the complete non-compact
Riemannian manifold with non-negative Ricci curvature, the non-parabolic
condition is equivalent to the ball volume assumption that
(2)
∫ ∞
1
r
V olx0(r)
dr <∞,
where x0 ∈ M := Mn is some point. We remark that on the non-parabolic
manifold (M,g0), if the scalar curvature average condition at some point x0,
then it is also true at any point x of M . Further extensions of our result
above are stated in the last section.
Remark 2. The key part of our proof of Theorem 1 is our discovery that
there is a remarkable relation between the Poisson equation (or Schrodinger
equation) and the existence of the global Yamabe flow on complete non-
compact Riemannian manifold with non-negative scalar curvature.
The idea of the proof of Theorem 1 above is below. Assume that (M,g0)
is non-flat. Then the scalar curvature R0(x) of it is non-trivial and non-
negative. We use the non-parabolic condition and the average condition 1
to solve the Poisson equation
−∆w(x) = R0(x), in M
and get a non-negative solution w. Then we use the function w to get a
lower barrier of the Yamabe flow to prevent it from locally collapsing and
show that we have a global Yamabe flow. We then use the fundamental
Harnack inequality of B.Chow [2] for locally conformally flat manifolds to
show that the scalar curvature must be trivial. This then concludes the
result of Theorem 1.
From our argument of Theorem 1, we can actually prove stronger results.
See Theorems 8 and 9 in the last section.
The result above can be considered as a generalized positive mass theorem
[18] in the sense that if (M,g0) is a locally conformally flat complete non-
compact Riemannian manifold with bounded non-trivial non-negative Ricci
curvature and the condition (1), then it is parabolic, i.e., the Green function
must be negative somewhere. It is reasonable to believe that our result
above should have more applications to locally conformally flat geometric
structures. In our previous work [12], we can use the positive mass theorem
to solve an open question posed in [3].
There are many gap theorems for complete non-compact Riemannian
manifold with suitable assumption about curvatures stronger than non-
negative Ricci curvature. For more references, one may see L.Ni’s paper
[10]. See also [3] and [19]. Here we mention the following result of Ma-
Cheng [13] as a comparison.
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Theorem 2. Assume that (M,g0) is a locally conformally flat complete non-
compact Riemannian manifold with bounded non-negative Ricci curvature.
Assume further that it has a Ricci pinching condition in the sense that there
is a positive constant ǫ such that
Rc(g0)(x) ≥ ǫR0(x)g0(x).
Then it is flat.
Recall that the asymptotic volume ratio (AVR) of a complete noncompact
Riemannian manifold (Mn, g) with non-negative Ricci curvature is defined
by
AV R(g) = lim
r→∞
V ol(Br(0))
rn
.
Note that the definition does not depends on the choice of the base point
0 ∈M .
Then we can show the following global Yamabe flow result.
Theorem 3. Assume that (M,g0) is a locally conformally flat complete
non-compact Riemannian manifold with bounded non-negative sectional cur-
vature and its curvature tends to zero at infinity. Assume further that
AV R(g0) > 0. Then there is a global Yamabe flow g(t) on (M,g0) with
g0 as the initial metric.
We remark that it is generally conjectured that there is a global Yamabe
flow g(t) on (M,g0) locally conformally flat complete non-compact Riemann-
ian manifold with bounded non-negative Ricci curvature and its curvature
tends to zero at infinity. This is still an open problem, at least for the locally
conformally flat M = Sn−1×R. For further interesting classification result,
one may see [5].
The plan of this paper is below. In section 2, we discuss the existence
of a non-negative weak solution to the Poisson equation in (M,g0) under
the condition 2. In section 3, we introduce the global Yamabe flow with
the initial data g0. In section 4, we prove the main result and discuss other
extensions. In the last section we prove Theorem 3. We may use C to denote
various uniform constants.
2. Poisson equation
Let (M,g0) be a complete non-compact Riemannian manifold of dimen-
sion n ≥ 3 and with non-negative Ricci curvature and the scalar curvature
average condition (1).
We assume (2). Then according to Li-Yau [9] (1986) we know that (M,g0)
is non-parabolic, i.e., there is a positive Green function G(x, y) such that
C−1
∫ ∞
d(x,y)
r
V olx0(r)
dr ≤ G(x, y) ≤ C
∫ ∞
d(x,y)
r
V olx0(r)
dr
for some uniform dimension constant C > 0, where d(x, y) is the distance
function between the points x and y in (M,g0).
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Given any non-negative continuous function f :M → R such that for any
x ∈M , ∫ ∞
0
r
V olx(r)
∫
Bx(r)
f(y)dvg0dr <∞.
Then the non-negative function
w(x) =
∫
M
G(x, y)f(y)dvg0
is well-defined and is the non-negative solution in the class C1,αloc (M) ∩
W 2,ploc (M) (α ∈ (0, 1) and 1 < p <∞)to the Poisson equation
−∆g0w = f, in M.
In fact, using the Fubini theorem, we know that∫
M
G(x, y)f(y)dvg0 =
∫ ∞
0
dr
∫
∂B(x,r)
G(x, y)f(y)dσy ,
which is no bigger than
C
∫ ∞
0
dr
∫ ∞
r
s
V olx(s)
ds
∫
∂B(x,r)
f(y)dσy,
where C is some uniform constant. Exchanging the order of s and r, the
latter term can be written as
C
∫ ∞
0
ds
∫ s
0
s
V olx(s)
∫
∂B(x,r)
f(y)dσydr,
which is
C
∫ ∞
0
s
V olx(s)
∫
Bx(s)
f(y)dvg0ds <∞.
Since for any φ ∈ C20 (M), we have∫
M
∆φ(x)
∫
M
G(x, y)f(y)dvg0 =
∫
M
f(y)
∫
M
G(x, y)∆φ(x)dvg0 ,
and the latter is∫
M
f(y)
∫
M
∆G(x, y)φ(x)dvg0 = −
∫
M
f(y)φ(y)
after a use of integration by part. Hence we have
−∆w = f
holds weakly. Using the Schauder theory [3] we know that w ∈ C1,αloc (M) for
any α ∈ (0, 1). Using the Calderon-Zugmund Lp theory [16] we know that
w ∈ W 2,ploc (M). Higher regularity of w can be obtained by assumption of
higher regularity of the function f .
In summary we have proved the following result, which is well known to
experts in geometric analysis.
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Proposition 4. Let (M,g0) be a complete non-compact Riemannian man-
ifold of dimension n ≥ 3 and with non-negative Ricci curvature and the
assumption (2). Then for any non-negative continuous function f :M → R
such that for any x ∈M ,∫ ∞
0
r
V olx(r)
∫
Bx(r)
f(y)dvg0dr <∞,
there is the non-negative solution w in the class C1,αloc (M) ∩W 2,ploc (M) (α ∈
(0, 1) and 1 < p < ∞)to the Poisson equation −∆g0w = f in M . Further-
more, if f ∈ C∞, then w ∈ C∞.
3. global Yamabe flow with positive scalar curvature
In this section, we assume that (M,g0) is a complete non-compact Rie-
mannian manifold with non-negative scalar curvature R0. Assume that the
Poisson equation −∆w = n−24(n−1)R0 onM has a non-negative solution w. We
emphasis that in this section, we don’t need the conditions that the scalar
curvature is bounded and the manifold is locally conformally flat. See also
[1].
We may assume that (M,g0) is given with R(g0) ≥ 0 being non-trivial.
Recall that the Yamabe flow is a family of pointwise conformally equiva-
lent metrics g(t) (t ∈ [0, T ), T > 0) evolved by the evolution equation
(3) ∂tg(t) = −R(t)g(t), on M × (0, T ),
with the initial metric g(0) = g0. Here R(t) = R(g(t)) is the scalar curvature
of the metric g(t). We shall write R0(x) by the scalar curvature of g0. Under
the Yamabe flow, we know that
(4) ∂tR(t) = (n− 1)∆g(t)R+R2, in M × (0, T ).
Let g(t) = u(x, t)4/(n−2)g0 for positive smooth functions u(x, t) and let
p = n+2n−2 . Then we have that
(5) R(t) = u−p[−4(n− 1)
n− 2 ∆u+R0u].
Then the evolution equation (3) becomes the parabolic equation for the
positive functions u(x, t)
(6) ∂tu
p = (n− 1)p[∆u− n− 2
4(n − 1)R0(x)u], on M × (0, T ),
with the initial value u(x, 0) = 1. Here ∆ is the Laplace operator of the
metric g0. We shall write by ∇u the gradient of the function u in the metric
g0.
We know from the standard parabolic theory that for any bounded smooth
domain Ω ⊂ M , there exists some small T > 0 such that the equation (6)
on Ω × (0, T ) always has a positive solution Ω × (0, T ) with the initial and
6 LI MA
boundary conditions u(x, t) = 1 either for t > 0, x ∈ ∂Ω or t = 0, x ∈ Ω.
Since R0 ≥ 0, we have
∂tu
p ≤ (n− 1)p∆u, in Ω× (0, T )
which implies that u(x, t) ≤ 1 in Ω× [0, T ).
With the abuse notation, we still use g(t) = u(x, t)4/(n−2)g0 on Ω× (0, T )
for the locally defined solution u.
Since R0 ≥ 0 on M , by the equation (4) on Ω× (0, T ) and the maximum
principle [16] we know that R(t) > 0 on Ω×(0, T ). Fix any t ∈ (0, T ). Using
the formula (5) we have
(7) − 4(n − 1)
n− 2 ∆u+R0u > 0, inΩ.
We may rewrite this as
n− 2
4(n − 1)R0 >
∆u
u
.
Set v = log u. Then we have
∆v =
∆u
u
− |∇u|
2
u2
≤ ∆u
u
.
Hence, we have
∆v <
n− 2
4(n − 1)R0, in Ω.
We now let f(x) = n−24(n−1)R0 solve the Poisson equation ∆(−w) = f for
w in the whole manifold M . Then we have
∆(v + w) < 0, in Ω
with the boundary condition v+w = w > 0 on ∂Ω. By the local maximum
principle [16] in Ω we know that v + w > 0 in Ω. This implies that u >
exp(−w) in Ω. Hence, we have the uniform bound
(8) exp(−w) < u ≤ 1, in Ω× (0, T ).
Then we can extend the solution u beyond any finite time T > 0. That is
to say, u is a global solution to the equation (6). We denote this solution by
u = uΩ.
We now write M = ∪∞j=1Ωj, Ωj ⊂⊂ Ωj+1, the exhaustion of bounded
smooth domains of the manifold M . Let uj = uΩj . With the help of the
uniform bound (8), we can extract a convergent subsequence in C∞loc(M ×
(0,∞)) with the limit u, which is the solution to (6) on the whole manifold
M with the initial value u(x, 0) = 1.
Again we denote by g(t) = u(x, t)4/(n−2)g0 for the limit solution u. Then
by the maximum principle, we know that R(t) > 0 in M × (0,∞).
In conclusion we have proved the following result.
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Theorem 5. Assume that (M,g0) is a complete non-compact Riemannian
manifold with non-negative scalar curvature R0. Assume that the Poisson
equation −∆w = n−24(n−1)R0 on M has a non-negative solution w. Then the
Yamabe flow (6) has a global positive solution.
From the argument above we can also prove the following result.
Theorem 6. Assume that (M,g0) is a complete non-compact Riemannian
manifold with non-negative scalar curvature R0. Assume that the Schrodinger
equation −∆v+ n−24(n−1)R0v = 0 onM has a bounded positive solution v. Then
the Yamabe flow (6) has a global positive solution.
In fact, we may assume that v(x) ∈ (0, 1). Then, using the equation (7) to
compare u and v, we conclude that u(x, t) > v(x). Then as above, we can get
a global Yamabe flow g(t) = u(x, t)4/(n−2)g0 such that v(x) < u(x, t) ≤ 1.
4. Proof of main result
In the first part of this section, we assume that the manifold M satisfies
the assumptions in Theorem 1. Since the initial metric has bounded cur-
vature, the global Yamabe flow obtained in previous section has bounded
curvature at any finite time interval (see Theorem 1 in [14]). This property
makes sure that one can use Hamilton’s tensor maximum principle [7].
To prove our main result Theorem 1, we need to state the fundamental
Harnack inequality of B.Chow [2] for Yamabe flow g = g(t) defined on locally
conformally flat manifold (M,g0). As we noticed in [13], B.Chow proved this
result for the compact case. However, since one can use Hamilton’s tensor
maximum principle, B.Chow’s argument can be carried out into complete
non-compact case. Recall that the Harnack quantity defined by B.Chow is
Z(g,X) = (n − 1)∆gR+ g(∇gR,X) + 1
2(n− 1)Rc(X,X) +R
2 +
R
t
,
for any metric g and 1−form X. Then the Harnack inequality of Yamabe
flow due to B.Chow is
Theorem 7. Let (M,g0) be a locally conformally flat manifold with positive
Ricci curvature, then under the yamabe flow,
(9) Z(g,X) ≥ 0, t > 0,
for any 1−form X.
Proof of Theorem 1: Assume that the scalar curvature R0 is non-
trivial. Using Proposition 4, we can solve the Poisson equation
−∆w = n− 2
4(n− 1)R0
on (M,g0) to get the non-negative solution w. We then run the Yamabe
flow with the initial metric g0. By Theorem 5, we have a global Yamabe
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flow g(t). As noted in [2] (see also [13]), the non-negativity property of the
Ricci curvature along the Yamabe flow is preserved. Note that
(n− 1)∆gR+R2 = ∂tR
along the Yamabe flow (see [2]. The relation (9) can be written as
∂tR+ g(∇gR,X) + 1
2(n− 1)Rc(X,X) +
R
t
≥ 0.
Choose X = −d logR. We then get
∂tR+
R
t
≥ |∇gR|
2
2R
.
Hence, ∂t(tR) ≥ 0. Then, for t ≥ 1 and τ ∈ [
√
t, t],
(10) τR(x, τ) ≥
√
tR(x,
√
t).
Recall that the Yamabe flow can be written as 4n−2∂t log u = −R. Then
using the bound (8) we have for some uniform constant C(n) > 0,
(11)
∫ t
0
Rdτ = −C(n) log u(x, t) ≤ C(n)w(x).
Then using (10) and (11), we have
√
tR(x,
√
t) log t
=
∫ t√
t
√
tR(x,
√
t)
τ dτ
≤ ∫ t√t τR(x,τ)τ dτ
≤ ∫ t0 R(x, τ)dτ
≤ C(n)w(x).
Hence,
0 ≤
√
tR(x,
√
t) ≤ w(x)
log t
.
Then as t → ∞, we have for any x ∈ M , the monotone non-decreasing
quantity has its limit 0, i.e.,
√
tR(x,
√
t)→ 0.
Then we have R(x, t) = 0 on M at t = 0. This implies that (M,g0) is flat.
This completes the proof of Theorem 1.
We now discuss some extensions of Theorem 1. From the argument above,
we observe that we have actually proved the following stronger result.
Theorem 8. Assume that (Mn, g0) (n ≥ 3) is a locally conformally flat
complete non-compact Riemannian manifold with bounded non-negative Ricci
curvature. Assume further that the Poisson equation −∆w = n−24(n−1)R0 has a
non-negative smooth solution, where R0 is the scalar curvature of the metric
g0. Then (M,g0) is flat.
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By using Theorem 6 and the argument above, we can also prove the
following result.
Theorem 9. Assume that (Mn, g0) (n ≥ 3) is a locally conformally flat
complete non-compact Riemannian manifold with bounded non-negative Ricci
curvature. Assume further that the Schrodinger equation
−∆v + n− 2
4(n− 1)R0v = 0
on M has a positive bounded solution, where R0 is the scalar curvature of
the metric g0. Then (M,g0) is flat.
The detail of proofs of these results are omitted.
5. Global Yamabe flow
In this section, we shall prove Theorem 3. We first give a few remarks.
Remark 1. It is about the curvature invariant under the Yamabe flow
on a locally conformally flat manifold. At any fixed point, we can take a
normal coordinate system such that at the point gij = δij and the Ricci
tensor is diagonal
Rc = λ1
⊕
...
⊕
λn,
with the increasing order λ1 ≤ ... ≤ λn. Then the section curvatures (see
(2.8) in [2]) are
Kij = Rijji =
1
n− 2[λi + λj −
R
n− 1].
where i 6= j. From equation (2.13) in [2] with ǫ = 12(n−1) we get that
∂tKij = (n− 1)∆Kij + 1
(n− 2)2 (Bii +Bjj),
where
Bij = µ1
⊕
...
⊕
µn
with
µi =
∑
k>l,k,l 6=i
(λk − λl)2 + (n− 2)
∑
k 6=i
(λk − λi)λi.
From our arrangement, the minimum sectional curvature is K12 and in this
case
B11 +B22 = µ1 + µ2,
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which is ∑
k>l,k,l 6=1(λk − λl)2 +
∑
k>l,k,l 6=2(λk − λl)2 +
(n− 2)∑k>2(λk − λ1)λ1 + (n− 2)(λ2 − λ1)λ1
(n− 2)∑k>2(λk − λ2)λ2 − (n− 2)(λ2 − λ1)λ2
=
∑
k>l,k,l 6=1(λk − λl)2 +
(n− 2)∑k>2(λk − λ1)λ1 + (n− 2)∑k>2(λk − λ2)λ2
+
∑
k>l,k,l 6=2(λk − λl)2 − (n− 2)(λ2 − λ1)2 ≥ 0,
since ∑
k>l,k,l 6=2
(λk − λl)2 − (n− 2)(λ2 − λ1)2 ≥ 0.
Then we can show by using Hamilton’s tensor maximum principle the fol-
lowing result.
Proposition 10. Both the non-negative sectional curvature (or positive cur-
vature operator) condition of the locally conformally flat manifold (M,g0)
are preserved along the LCF Yamabe flow with the initial metric g0. Fur-
thermore, the positivity property of AVR, and the curvature decay at infinity
of the locally conformally flat manifold (M,g0) are also preserved along the
Yamabe flow (3).
One may compare this result with that of Ricci flow [3].
Remark 2. In dimension two, the Yamabe flow is the same of Ricci
flow and Theorem 3 is always true in this case. One may see [4] and [11]
for more related results. We remark that in the Ricci flow case, people use
the stronger assumption about the positive curvature operator in the un-
derstanding of blow up limit argument and this assumption plays two roles
there. One is that it is used to keep the trace Harnack inequality hold true
for the Ricci flow, which is true for our Yamabe flow with positive Ricci
curvature on the LCF manifold M . The other use of the positive curvature
operator in Ricci flow is to make the metrics have positive sectional curva-
ture so that one can use Toponogov comparison theorem in the dimension
reduction argument (Theorem 8.46 in [3]). In the Yamabe flow on the LCF
manifold, the positive sectional curvature is preserved. Using the same proof
of Theorem 8.46 in [3], we get the dimension reduction result of the Yam-
abe flow on the LFC manifold with the replacement of the assumption of
bounded nonnegative curvature operator for Ricci flow by the assumption
of bounded nonnegative sectional curvature for the Yamabe flow. That is,
we have
Proposition 11. Let (M,g(t)), t ∈ (−∞,Ω), Ω > 0 be a complete noncom-
pact locally conformally flat Yamabe flow with nonnegative sectional curva-
ture. Suppose there exist sequences xi ∈ M , ri → ∞, and Ai → ∞ such
that dg0(xi, p) ≥ Airi and for all y ∈ Bg0(xi, Airi), R(y, 0) ≤ r−2i . Assume
further that there exists an injectivity radius lower bound at (xi, 0) in the
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sense that inj(xi, 0) ≥ δri for some δ > 0. Then a sebsequence of solutions
(M, r−2g(r2i t), xi) converges to a complete limit solution (M∞, g∞(t), x∞)
which is the product of an (n− 1)-dimensional solution (with bounded non-
negative sectional curvature) with a line.
Remark 3. We shall use the point picking method of G.Perelman [17].
For purpose, we recall that for a complete noncompact Riemannian manifold
(Mn, g), the asymptotic scalar curvature ratio (ASCR, in short) is defined
by
ASCR(M,g) = limd(x,0)→∞R(x)dg(x, 0)
2,
where 0 ∈ M is any choice of origin. When M is fixed, we write by
ASCR(g) = ASCR(M,g). As noted by Hamilton (p.307 in [3], the defi-
nition does not depend the choice of 0 and if (M˜, g˜) is a Riemannian cov-
ering of (M,g), then ASCR(M˜, g˜) ≥ ASCR(M,g). Using the bounded
positive Ricci curvature assumption on the LCF manifold M and Chow’s
trace Harnack inequality for the scalar curvature, one can show (as in The-
orem 8.32 in [3]) that for the complete ancient solution to the Yamabe flow
ASCR(g(t)) is independent of the time variable t and if ASCR(g(t)) =∞,
then ASCR(g(t−)) = ∞ for all t− ≤ t. Once we have ASCR = ∞ we can
have a good understanding of (M,g(t)) at space infinity.
Remark 4. The idea of the proof of Theorem 3 is below. We shall
argue by contradiction. We shall assume the result is true in dimension
n− 1 and we shall prove the result in dimension n. If the Yamabe flow only
exists up to the finite time T > 0, then as in [13] we can take a blow-up
sequence (xj , tj) ∈M × (0, T ), tj → T and make a new Yamabe flow gj(x, t)
with base point (xj , tj), which converges in the sense of Cheeger-Gromov
to an ancient Yamabe flow g¯(t), −∞ < t < Ω with 0 ≤ Ω ≤ +∞, with
the non-negative sectional curvature (or positive curvature operator) and
the positivity property of AVR. Here we have used the semi-continuity of
AVR under the convergence of Cheeger-Gromov. However, with the help
of differential Harnack inequality of B.Chow [2], arguing as in the work of
G.Perelman [17], we can show that for the ancient solution g¯(t),
AV R(g¯(t)) = 0,
which gives us a contradiction with AV R > 0 for our Yamabe flow.
Here is the proof of Theorem 3.
Proof. We shall present the argument without full detail since it is famil-
iar to experts in Ricci flow and many details can be found in the book
[3](for Ricci flow). Using Hamilton’s tensor maximum principle for the
Yamabe flow, we may assume that the sectional curvature is always pos-
itive along the Yamabe flow. Arguing in the same way as in Theorem 18.2
in [8], one know that the curvature decay at space infinity is preserved, i.e.,
limd(x,0)→∞ |Rm(g(t))| = 0 for all 0 < t < T . With this understanding
and the fact that our Yamabe flow (M,g(t)) has bounded positive Ricci
curvature, one shows (as in Theorem 8.37 in [3]) that AV R(g(t)) > 0 is
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independent of t. Then as in [13] we can get a blow up limit (M¯, g¯(t)),
−∞ < t < Ω, 0 < Ω <∞, at the blow-up time T <∞ and with AV R > 0.
We need consider two cases (see Definitions 4.1 and 4.2 in [13]).
(A). One is that the Yamabe flow (M,g(t)) is type I singularity, i.e,
supM×(0,T )(T − t)R <∞.
(B). The other case is that Yamabe flow (M,g(t)) is type IIa singularity,
i.e, supM×(0,T )(T − t)R =∞.
In case (A), the blow up limit (M¯, g¯(t)), −∞ < t < Ω, 0 < Ω < ∞,
is the ancient Yamabe solution such that R(g¯(t)) ≤ ΩΩ−t everywhere with
equality holding somewhere at t = 0. We claim that ASCR(g¯(t)) = ∞
for all t. If ASCR(g¯(t0)) = 0 for some t0, then we may invoke Theorem
B in [20] to conclude that the universal cover of (M¯, g¯(t0)) is isometric to
Rn−2 × (Σ, gΣ(t0)) with ASCR(gΣ(t0)) = 0. According the strong maxi-
mum principle of Hamilton, we know that the universal cover of the flow
(M¯, g¯(t)) is isometric to Rn−2 × (Σ, gΣ(t)), where (Σ, gΣ(t)) is an ancient
2-dimensional Yamabe k-solution (which is also the Ricci k-solution and k-
solution is defined as in [17]). However, by the result of Hamilton, (Σ, gΣ(t))
is the round 2-sphere S2 and ASCR(Rn−2×S2) is not zero, a contradiction.
If 0 < ASCR(g¯(t0)) < ∞ for some t0, then we have a positive constant
C > 0 such that
(12) C−1 ≤ R(x, t0)(dt0(x, 0)2 + 1) ≤ C
on M¯ , where R(x, t0) and dt0(x, 0) are the scalar curvature and distance
function of g¯(t0) respectively. We new follow the argument in [3] (from line
-6 in page 347 to line-10 in page 349). Using Chow’s Harnack inequality we
have
Rt ≥ 1
2
(Rc−1)ij∇iR∇jR.
Recall from (9.26) in [3] that
Rc−1(∇R,∇R) ≥ < ∇R,X >
2
Rc(X,X)
for any nonzero vector X. Let γ : [0, L]→ M¯ be a minimizing geodesic and
denote by
∂sR = ∂sR(γ(s), t) =< ∇R, γ′(s) > .
Then using the above two inequalities with X = γ′, we have as in (9.27) in
[3] that
(13) (∂sR)
2 ≤ 2Rc(γ′, γ′)Rt.
Using Chow’s trace Harnack inequality again (for the scalar curvature),
Rt ≥ 0, we know that
R(x, t)(dt0(x, 0)
2 + 1) ≤ C, on M¯ ,
for t ≤ t0. Since Rc > 0, we also have
|Rc(x, t)|(dt0 (x, 0)2 + 1) ≤ C, on M¯.
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Applying Shi’s local derivative estimates of the Yamabe flow in the domain
Bg¯(t0)(x,
1
2 (1+ dt0(x, 0))), (see line -8 in page 348 in [3] and the local deriva-
tives are true for Yamabe flow as noted in [13], see also Theorem 2.2 in [13]),
we then know that
∂tR(x, t0) ≤ C(dt0(x, 0)2 + 1)−2.
Using the first inequality in (12) we know from (4) that
∂tR(x, t0) ≤ CR(x, t0)2, on M¯.
Thus (13) implies that at t = t0,
(∂s logR)
2 ≤ CRc(γ′, γ′).
Then we can use the argument in page 349 in [3] to get that for 1 ≤ s1 ≤
s2 ≤ L/2,
log(
R(γ(s1))
R(γ(s2))
) ≥ c log2(R(γ(s1))
R(γ(s2))
)− C.
Hence
R(γ(s1))
R(γ(s2))
≤ C
for some uniform constant C > 0. Sending L → ∞ and s2 → ∞ (and by
ASCR < ∞, R(γ(s2)) → 0), we get R(γ(s1)) = 0, which is absurd to the
fact R > 0 at γ(s1). Then we must have
ASCR(g¯(t)) =∞.
In this case we can use the dimension reduction argument (Proposition 11,
similar to Theorem 8.46 in [3], see also case 1 in page 352 in [3]) to conclude
a contradiction to the fact that AV R > 0.
In case (B), we know that the blow up limit is an eternal solution with
property AV R > 0 and with positive sectional curvature. In this case, using
Chow’s Harnack inequality to the quantity Z + Rt−α , where
Z := Rt+ < ∇R,X > + 1
2(n− 1)RijX
iXj
(and getting Z ≥ 0 by sending α→ −∞ ) and arguing as proof of Theorem 4
in [13], we can get that the backward limit (M¯∞, g¯∞(t)) is a steady gradient
Yamabe soliton with positive sectional curvature. This is also from Theorem
2.5(i) in [6]. Then the proof of this part is as in case 2 in page 352 in [3] and
we only need to consider (M¯∞, g¯∞(t)) being the steady soliton. Again, we
shall show that ASCR =∞ and we use dimension reduction as in case (A)
to get a contradiction. We denote by M the manifold in the soliton solution
instead of M¯∞. Then, there is a smooth concave function f0 : M → R and
a one parameter diffeomorphism φ(t) such that g¯∞(t) = φ∗(t)g0 and
(14) R(g¯∞)g¯∞ +Hessg¯∞f = 0
where f = φ(t)∗(f0). Since R > 0 we know that f0 is concave and proper.
Using the Morse theory, we know that M is diffeomorphic to Rn. Again, as
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in the proof of Theorem 9.44 in [3], we can conclude that ASCR(g¯0) = ∞.
In fact, for 0 < ASCR(g¯0) < ∞, letting 0 be the maximum point of R and
letting h = −f0, Then M − {0} is diffeomorphic to Sn−1 ×R. Although we
don’t have the relation R+ |∇f |2 = constant as in steady Ricci soliton, we
can use the following argument of Hamilton [8](see also the proof of Theorem
1 in [15]). Taking the covariant derivative of the relation (14) we have
∇iRg¯jk +∇i∇j∇kf = 0.
Since
∇i∇j∇kf = ∇j∇i∇kf = Rijkl∇lf,
we get by the contracted Bianchi identity
∇jRij = 1
2
∇iR
that
∇iRg¯jk −∇jRg¯ik +Rijkl∇lf = 0
and
(n− 1)∇iR = 2Rij∇jf.
Hence ∇f(0) = 0 and 0 is the unique maximum point of f .
We now take a minimizing geodesic γ(s) ⊂ (M,g0) starting from 0 and
let X = γ′. For any ǫ > 0, we can use the relation
X(Xh) = D2h(X,X) = R|X|2 = R > 0
to conclude that
X(h)(s) =
∫ s
0
R(γ) ≥ C0(ǫ) > 0
for some uniform constant C0 = C0(ǫ) > 0, depending only on infBg0 (0,ǫ)R,
and for all s ≥ ǫ. Then |∇h| ≥ C0 > 0. By this and arguing as in page 355
in citechow06 we can get the key estimate
dg0(φ(t), 0) ≥ c|t|
for all x ∈M−Bg0(0, ǫ) as in (9.33) in [3]. We can use the argument in page
355 to page 356 in [3] to get a contradiction. Hence we have ASCR = ∞
and we use the dimension reduction as in case (A) to get a contradiction
again. Therefore T =∞ and we have the global Yamabe flow g(t).
This completes the proof of Theorem 3. 
We may give some remarks about the proof above. From the proof above,
we actually prove the following results.
Theorem 12. Assume that (M,g(t)), t ∈ (−∞, 0] is a locally conformally
flat type I ancient solution to Yamabe flow with bounded positive sectional
curvature and ASCR(g(t)) < ∞. Then AV R(g(t)) > 0 and for any choice
of origin 0 ∈M , there exists a constant c = c(0, t) > 0 such that
R(x, t)(1 + dg(t)(x, 0))
2 ≥ c, on M.
This result is similar to Proposition 9.22 in [3].
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Theorem 13. Assume that (M,g(t)), t ∈ (−∞, 0] is a locally conformally
flat ancient solution to Yamabe flow with bounded nonnegative sectional cur-
vature. Then AV R(g(t)) = 0.
This result is similar to Proposition 9.30 in [3].
Theorem 14. Assume that (M,g(t)), t ∈ (−∞,Ω) is a locally conformally
flat type I ancient solution to Yamabe flow with bounded nonnegative sec-
tional curvature. Then ASCR(g(t)) =∞ for all t.
This result is similar to Proposition 9.32 in [3].
We conclude the paper by mentioning a question. It is interesting to
consider the behavior of the global Yamabe flow as t→∞. The dimension
two case is well done in some cases [11].
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